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TRANSFORMATION GROUPS IN SPACE OF FOUR DIMENSIONS. 

By De. J. M. Page, Oobham, Va. 

In a previous article* a number of the most important definitions used in 
Lie's Theory of Groups were introduced. In this article those definitions are 
used without further explanation. 

In another paperf the writer ventured, without proof, the assertion that 
he had found all the primitive groups in space of four dimensions. It is 
proposed to prove a part of that assertion by showing that none of the groups 
which leave invariant two different manifoldnesses, each of two dimensions, in 
space of four dimensions, can be primitive. 

At the same time a most important part of the Theory of Groups will be 
illustrated by showing how groups which fulfil certain given conditions may 
be determined in the most general manner possible. 

It will be necessary, in the first place, to introduce a few additional defi- 
nitions. 

By reference to the former paper, the reader will readily see that the 
symbol of an intiuitesimal transformation in the four variables x lt a? 2 , x 3 , x i must 
have the form 

^=c 1 (, 1 ^,, 3 ,, 4 )| + ? 2 ()| + f 3 ()| + ? 4 ()|..i i f i ()|. 

Here the c/s are, as usual, analytical functions of their arguments in 
Weierstrass's sense of the word ; and hence, if xj® is a point of ordinary posi- 
tion the S ( can be expanded in convergent powers of (x k — xf>), at least for 
regions lying very near xj®. If this analytical expansion happens to begin 
with a term of the rbh power, the infinitesimal transformation is said to be of 
the Hh order. The first term of an expansion of this kind is called the initial 
term. 

Two groups in n variables, each of r members, are said to be similar, 
when by a proper choice of the independent variables the one group can be 
transformed into the other. All groups, therefore, which are similar to a 
known group, may be considered known. Also, it has been proved by Lie 
that if a group can be assigned which has the same setting as a required 

* Annals of Mathematics, Vol. VIII, No. 4, " On Transformation Groups." 
t American Journal of Mathematics, Vol. X, No. 4, "On the Primitive Groups of Transforma- 
tions in Space of Four Dimensions." 
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group, and if the initial terms of the respective transformations of the two 
groups are the same, then the two groups are similar. In practical calcula- 
tions, therefore, only the initial terms of the transformations will be needed. 

The introduction of certain properly chosen linear combinations of the 
transformations of a group, in place of the given transformations, often sim- 
plifies the " bracket operations" between the transformations of the group, by 
removing the indeterminate constants which may occur in the results of those 
operations. The performance of this simplification is called normalizing the 
transformations of the group. 

Analogous to the definition of an irnprimitive group in the plane, it is 
easy to see that a group in space of n dimensions is irnprimitive, when it 
leaves invariant a family of oo" -4 manifoldnesses, each of q dimensions, 
which fill the space of n dimensions exactly once. 

The customary abbreviation p { I0r the partial differential coefficients 
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are the two manifoldnesses which are invariant under the transformations of 
our group, it has been shown* that the transformations of the zero and of the 
first orders, respectively, of all possibly primitive groups, must have the fol- 
lowing forms (writing, as usual, only the initial terms) : 

Pi, Pi, Pa, Pt ; 

X \Pi i X \P\ X iPz , X tP\ ', X sPi , X sPii X iPi , X iP3 ', \"i) 

x iPi + x 2Pi — X *P3 — x iPi ; ( T) 

with which transformations there may also occur 

4 
X lPl + X *P2 + X iP3 + X 4P4 = ?i X iPi • (V) 

1 

2. No transformation of an order higher than the second can occur. 
For, let s be the maximum order, so that a transformation of the order 



JLj — 2 t c 4 - (x lt x 2 , x 3 , x 4 ) p t 



* American Journal of Mathematics, Vol. X, No. 4, p. 310. 
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occurs, where the index s shows that the f/ s) begin with terms of the sth 
degree. 

Since in all of the groups x x , x 2 will be equally privileged with x 3 , x t , it 
may be assumed that ? j (s) and ? 2 (s) are not both zero. If now $i' y is not identi- 
cally zero, it is seen, by properly combining Xf with p x , p 2 , p 3) and j> 4 that 

^EE^(X X ,X 2 ), 

for the results of the bracket operations must always be capable of being 
linearly expressed in terms of the p t , S it T, and TJ. 

Furthermore, by combining Xf properly with x x p 2 , it is seen that a trans- 
formation of the form 

Yf=x['p x + y?p 2 + y<> 3 + yPp t 

must occur in the group. Combine Yf and p x ; then 

Zf~ sxf-Vfr + y!?- l p 2 + yi'-'ps + yf-y* 

must occur. Now, combine Yf and Zf and there results a transformation of 
the form 

- sx? -*/>, + ? 2 (2s ~ 2 p 2 + ()p 3 + ()p t - 

But the sth is the maximum order ; hence 

2s — 2 < s + 1 .-. s < 3 . 

Similarly if f , (s) ee and ? 2 W be not 0, then also * < 3. 
3. To find the transformations of the second order. 
Let 

*-i »i Pi 
1 

be such a transformation. 

If now f 2 (2> and ? 4 (2) are not both identically zero, they can only be func- 
tions of x 3 , « 4 ; and Sf\ f 2 (2) must contain only x x , x 2 . 

(a) If f 3 (2) ee ? 4 (2) ee 0, then c <2) and f (2) must evidently be both different from 
zero, and by the bracket operation it easily follows that the transformations of 
the second order are of the forms 

Xf ee x x x 2 p x + x 2 2 p 2 , Yf ee x x 2 p x + x x x 2 p 2 . 

(b) If ? 3 (2) and c 4 <2 > are not both identically zero, since the variables x x , x 2 
and x 3 , # 4 are equally privileged, it may be assumed that also cf and &' are > 
not zero. Therefore there are two transformations of the form 

X x f-_E x x 2 p x + x x x 2 p 2 + f® (x 3 , x t )p 3 + ff (* s , a? 4 )i> 4 , 
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and 

Y,f ~ x x x 2 p, + x 2 2 p 2 + yf (x 3 , x 4 ) p 3 + y? (* 3 , *,) j!> 4 . 

By combining X lt / with a?,^, and Y x f with *^ 1; it is seen that also in this case 
Xf bmA jymust occur alone. In like manner 

X 3 X iPz ~T" X l Pi > X 3 Pi T" X i X 3pi 

may occur alone ; and these forms are all the possible transformations of the 
second order that can occur in this case. 

II. — Case in which no transformations of the second order occur. 

This case divides itself again according to whether the transformations 

4 

U=2' t x t p t , 

i 
and 

T' ■ x iPi + x 2 p 2 — x sPa — x tPi 

occur alone, or additively, i. e. in the form 

a.U~+p.T. (a, j3 = const.) 

1. U and T occurring alone. 

The initial terms of the transformations are 

Pi, P^ Pi, Pi, 

X lPlt X lPl X lP<2., X iPl', X iPi, X sPs X lPl> X iPi ("i) 

U, T. 
Here we find at once the relations 

(S l} S 2 ) ee — 2S Y , (/S y „ S 3 ) = S 2 , (S 2 , S 3 ) ee — 2S 3 , (S t , U) = , 

(&\, $t) "-- — 2.<S, , (S t , S 6 ) ee S 6 , (S 5 , S t ) = — 2S t , (S ( , T) ee ; 

{U,T) 0. 

We wish to normalize now with the transformation IT, in order to find 
the setting of our group. 
We know that 

(p u U) iLip 2 + I, a t S t + j3U+ r T, (a t , p, r = const.) 
i 

We may introduce a new p x by the substitution 

Pi =-Pi + A-A& + B/7+ GT, (A t , B,G = const.) 
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Then we find 

(Pi, U) = Pl + 1\ «A + pU+ T T-I i A,S i -BU- GT. 

Since the A t , B, and G are arbitrary constants, we can choose 

A t = a { , B = p, G = r , 
and, therefore, 

(p^U)^^; 

or, as nothing depends upon the symbol we use, we can write 

{p u U)=p v . 

Thus p x and TJ are normally connected. 

Proceeding analogously we can choose p 2 , p s , p t so that 

(p 2 ,TJ)=p 2 , (p 3 ,U)=p 3 , (p^TD—pi. 
Let ug now find the relations between the p k and the $ 4 and T. We have 

6 

( p u S,) = p 2 + ±\ «A + pTJ+ r T, («„ ft r = const.) 
i 

Form Jacobi's identity by means of p lt S u and TJ; thus, 

((A,^i), V) + {&&),&) + ((UupJ, %) = (). 
We find 

{P„U)-{P 1 ,8 1 )^:0 

or 

( jp„ £,) = jp 2 . 

This is a normal relation ; and by proceeding analogously with all the trans- 
formations of the zero order, and those of the first order, we find that all the 
resulting relations are normal. 

It only remains for us to find how the transformations of the zero order 
are connected among themselves. 

We know that 

4 6 

( Pi. Ih) - 2 'i a tPi + z k /?A + r u + 8 T , 

1 1 

where a t , [l k , y, d are certain constants. 

Form Jacobi's identity with p u p 2 , and TJ ; thus, 

{{Pi,}\),U) + {{p„U),Pi) + ((TJ, Pl ),p 2 ) EF.-O, 



or 



^ i a i p i — 2{p 1 ,p 2 )-0, 



16 



PAGE. TKAN8F0EMATI0N GROUPS IN SPACE OF FOUR DIMENSIONS. 



or 



(ft, ft) = o . 



In the same way we find that the rest of the {Pi,Pk)'& are normal relations. 
This gives us the group 



P\,PvPi,Pi, X \Pl, X vP\ X %Pv X lP\ » X zPi, X $P$ X lPl> X lP$> 

x l p 1 + x 2 p 2 — x 3 p 3 — x t p t , x l p l + x 2 p 2 + x 3 p 3 + x i p i . 



But this group is imprimitive, since it contains two invariant subgroups, 



, : J Xl — ° l and \ X * ~ ° l 



p u p 2 and p 3 , p t ; that is, the two families of oo 2 M 2 

(c t const.) are invariant. 

2. U and T not occurring alone, but in the combined form W = aU -\- [IT. 

In this case, again, all the transformations of the first order are connected 
by normal relations. Let us normalize those of zero order by means of 

8 = x l p l — x 2 p 2 + x 3 p 3 — x i p i , 

which is evidently a transformation of our group. As in (1), we can easily 
choose the p u . . . , p t so that the following relations hold : 

{2h,8) = 2h, {Pz,S) = ~p 2 (p 3 ,S)=p 3 , (p i ,S) = —p i . 

We find now, without difficulty, by means of Jacobi's identity, that all the 
relations between the transformations of the zero and of the first orders are 
normal. 

We find further, forming Jacobi's identity with 

Pi, Pic, 8; and p„ p k , 8,, 
the following relations : 

(p l ,p 2 ) = a.W + b.S 

(Pl,P 3 )^(P2,P i ) = 

(p^pJ^c.W + d.S 

(PvP^^e.W + f.S 

(Ps, Pi) = m .W + n.S 

where a, . . . , n are certain constants. 

Now form Jacobi's identity with p { ,p 2 , W; thus, 

((pi.A),*n + ((ft,"*n,ft) + ((w,p^ Pa )=o, 
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and hence 

Proceeding similarly with p u p t , W, we find 

a . c = a . d = ; 
and similarly with the other p t , p k , W, we find 

a . e = a . f =■■ , 
a(a — fi = b, e(a + p)=f, c (a + ft = — d , 
m (« + /3) = — n , c (a — /9) = — d, e(a — /3) = — /". 
Hence, f^e.j3 = d=c.ft = 0. 

(A) Suppose now a o 0, then c = <£ = 0. If also a > — ^9 we have 
a = b = ; and we see at a glance that p lt p z must form an invariant sub- 
group ; and the group interests us no longer, as it must be imprimitive. 

If a = — f), we have m = n = ; and then p s , p 4 form an invariant sub- 
group. Thus we have no possible primitive group when a > 0. 

(B) Suppose a = 0. Then if /3 ^ 0, all our other constants are zero, and 
we find a group 



Pit Pit Pit Pi t X l Pit X \P\ X lPlt X 2 P\ t x zPit X iPi ~ X lPit X iPi '-. 

T = x lPl + x 2 p % — x z p z — x t p t . 



But this group is evidently imprimitive. 

If ft = 0, then no transformation W occurs at all ; and we get the above 
group again without the transformation T. This group is also evidently im- 
primitive. 

III. — Cases in which transformations of the second order can occur. 

1. ? 3 (2) and ? 4 (2) identically zero. 

Then the transformations of the second order have the forms, 

Xf = x l x i p l + x*p 2 , Xf= x?p x + Xjx s p 2 . 

We have to make another subdivision, now, according to whether 

4 

U~2\x t p t , and T = x l p l + x s p s — x iPi + x 2 p. z 

i 

occur free or not. 
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(a) If TJ and T occur free, we have, besides these transformations and 
Xf and Yf, 

Pi, P2, PvPi J ®iP 2 , ®iPi — z 2 p„ x 2 p x ; x x p t , x s p s — x t p it x t p s . (S t ) 

We shall now find how these transformations are connected. 
We have 

(£„ U) = aXf + fiYf, (a, /9 constants.) 

Now introduce a new S l by means of 

arid we find 

(S u U) = 0; 
or, as we may write it, 

In like manner we may choose the other S t so that 

(S t ,U) = 0. (» = 2 6) 

By means of Jacobi's identity we can now show that all the transforma- 
tions of the first order are connected by normal relations. Thus, for example, 
we know that 

(S u S 2 ) = aXf +IY—2S, 
and 

{(S u S 2 ) U) + ((S 2 , XI) S,) + (( U, S x ) S 2 )=0; 
that is, 

a = 5 = . 

We can easily choose the p t 's so that 

{p i ,U)=p i ; i = \, ..., 4; 

and we find from Jacobi's identity that the p t 's are connected by normal rela- 
tions with the other transformations of the first and second orders as well as 
with each other. This gives us the (imprimitive) group, 
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(b). If the transformations U and T do not occur free they only occur in 
the form, 

aU + pT. (a, ft constants) 

Our transformations are those which we have above designated as p ( , S k , Xf 
Yf and a/7 + pT. 

Let us combine^ and Xf; thus, 

(Pv.Xf) ~- «>iPi + 2* 2 _p 2 . 
Also, ( p x , Yf) ee: 2x x p x + x 2 p 2 . 

By addition, we see that a transformation of the former x x p x + x zPz must 
occur. That is, we must have 

x iPi + x zPz = !> ■ 8 2 -\- a {aU -\- pT) ; (p, a constants) 
and hence 

^ = , a = p , a = 1 . 

The transformation aU + /ST 7 has therefore the form, 

x iPi + x iPi • 
Let us normalize our relations, now, with the transformation 

S ~ x x p x + x 2 p 2 + x s p $ — x 4 p 4 . 
We notice that 

(Xf, S) , - Xf, ( Yf S) = - Yf; 

and we can easily choose the S k such that 

(S X ,S): -0, (S„S)-0, (S 3 ,S)^0, 

[S 4 , S) ~ - 2S 4 , (S„ S)~=0, (S 6 , S)~ 2S 6 . 

It is easy to see that all the (S it S k ) are normal ; and we can choose the p it in 
the usual manner, so that, 

(p x ,S) -- p x , (p 2 ,S) " p 2 , (p 3 , S) ::i p 3 , 

(Pi> &) ~-^ — Pi + a Xf -f b Yf. (a, i constants) 

We have 

( Pi, S 2 ) 1 3 2\ a,S t + aT + P 2 Xf + n Yf; 
and by Jacobi's identity, 

- 2a 4 s 4 + 2«a - p 2 Xf - n rf + 1\ «A + aT 

+ p 2 Xf + n Yf + aXf + b Yf - , 
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or 
Hence 



a 1 = a = b = a = Q. 



(Pi,S)~—p 4 . 
We find, by proceeding analogously, that all 

(p t , S k ) 

are normal ; as are also (p { , Xf) and ( p it Yf), i = 1, . . . , 4. 
Further, 



(i, £ = 1,2, 3) 



( Pl , S t ) = (p u S 6 ) = (p 2 , S t ) = (p 2 , S 6 ) = (p„ S 6 ) = (p 4 , S 4 ) = 0, 
and ( p s , S b ) ~p a , ( p^ S 6 ) = #, ; 

Also, (p lt p.,) = (p u p 3 ) ~ (p 2 , p. 6 ) eh . 

By repeated applications of Jacobi's identity, we find moreover, 
f (p 4 ,S 2 ) = ^Xf + r2 Yf, 

<j {PtoSj^&Xf + nTf, 



and 



(A, 



7-3 constants) 



(p^Sj^^Xf+^Yf, 
(p 2 ,S 4 ) = a 2 Xf+b 2 Yf, 
(p 3 , S 4 ) = p 4 -\- a 3 Xf +b 3 Yf, 
(p 4 , S,) =-p t + a 4 Xf + b 4 Tf. 



(«i, 



h 4 constants) 



Analogously, we find, 

' (p u Pi) - A A + A 2 S 2 + A As + A A + AS , 
< (p 2 , p 4 ) = BA + BA 2 + B& + B& + BS , 

. ( P3 , Pi ) = ca + c& + C'A + ca + os. 

If, now, we form all Jacobian identities possible with the p t , the 8 k , 8, Xf, 
and Yf, we will find, after a computation which we omit here on account of 
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its length, 



2B 2 S 2 , 



{p 2 ,p 4 ) = B 2 S 2 -ZB 2 {S 2 ,S 6 ), 
(p 4 , SJ ~ 2B 2 Xf, 
< (p 4 ,S 2 ) = -2B 2 Tf, 

{p 4 , S 3 ) == ( Pl , 6\) = {p 2 , S 4 ) = 0, 
(p 3 ,S 4 )=p 4 + 2B 2 Yf, 
{p 4 ,S b ) = -p 4 -2B 2 Yf. 
Let us now introduce a new p 4 by means of the substitution 

p 4 =p 4 + 2B 2 rf; 

and, as this does not affect those transformations which have already been 
normalized, we see that this is equivalent to making B 2 = 0. 

All our relations are now normal, and we find thus the group 



Pi, Pi, Pa, Pi ; x -lPi, x iPi — Z2P2, x iPi J *si>4, *s^ 3 — x 4 p 4 , x 4 p 3 : 
%iPi -f- % 2 p 2 , x ] x 2 p 1 -{- x 2 p 2 , X-^Pi -\- XjX 2 p 2 . 



It is easy to see, however, that this group is iinprimitive. 

2. Not all the f 3 (2) and $ 4 n> identically zero. 

Since the variables x u x 2 are equally privileged with x 3 , x 4 , we can also 
assume that not all f ^ and $P are identically zero. Thus we easily see that 
among the transformations of the second order must occur 

X x f= x l x 2 p l + x 2 2 p 2 + $P (x 3 , x 4 )p 3 + £f> (x 3 x 4 )p 4 , 

X 2 f = X?p x + X,X 2 p 2 + 7}P (x 3 X 4 )p 3 + 7jf> (* 3 , X 4 )p 4 . 



and 



Now combine X x f and x x p 2 ; hence 

XJ=x?p x + x x x 2 p 2 

must occur alone ; so also must evidently 

■A-zj = ^r^iPi ~r x i Pi • 

Then, since the variables are equally privileged, we see that 

-4-4,/ = X 3 X 4Pa \ X 4 Pi > 
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and 

X 3 f = x*p 3 + aye i p 4 

must also occur alone ; and these are all possible transformations of the second 
order. 

If now, with the p it the S k , and the X 3 f , 

i 

TJ = 2' x t p and x { p t + x 2 p 2 — x 3 p 3 — x A p A = T 
i 

occur alone, we easily find the (imprimitive) group 



Pa Pa Pit Pi y x \Pv> x \Pi x iPi> x iP\ > x 3 Pit x iPl x aPa> x iPn i 

x \P\ + x iPi + x %p% + x *Pi, x \Pi + x iPi — x sPa — x iPi ; 

X \ P\ -\- X \ X iPii X \ X lP\ "T X 2 Pi) X 3 Pi I X 3 X iPi> X i X iPi T X 4 Pi • 



(a, ft constants) 



If, however, U and T only occur in the combination 

aU+ ftT, 
our transformations will not form a group at all. For 

i { (P-i, X^f) + (p t , X x f)} ■= x l p l + x 2 p 2 , 

x iPt + x iPi = P ( x iPi — x iPt) + a ( x »Ps — X iPi) 

+ v (a U + ftT). (p, <t, v constants) 

„ (« _ ft) = . 

In order to have a group, therefore, we must have a = ft, and 

aU + ft Tee x x p x + x 2 p 2 . 

i { (Pi, X if) + (i>S. ^s/)} = X SP* + *4i>4 



or 



Thus we see 



But 



must belong to our group, if it is a group ; and we see at once that this trans- 
formation cannot have the necessary form 



%i a A + a (x i p i + x 2 p 2 ) 



(« t , a constants) 



Therefore, in this case, our transformations do not form any group. 

Hence we have shown that there are no primitive groups of infinitesimal 
transformations in space of four dimensions which leave two different 
manifoldnesses of two dimensions invariant. 



